EXPLICIT CONSTRUCTIONS OF RIP MATRICES AND RELATED 

PROBLEMS 



JEAN BOURGAIN, S. J. DILWORTH, KEVIN FORD, SERGEI KONYAGIN, 
AND DENKA KUTZAROVA 

Abstract. We give a new explicit construction of n x N matrices satisfying the Re- 
stricted Isometry Property (RIP). Namely, for some e > 0, large N and any n satisfying 
N 1 ^ 6 < n < N, we construct RIP matrices of order k > n 1 / 2+e and constant 8 — n~ e ' . 
This overcomes the natural barrier k = 0{n 1 / 2 ) for proofs based on small coherence, 
which are used in all previous explicit constructions of RIP matrices. Key ingredients 
in our proof are new estimates for sumsets in product sets and for exponential sums with 
the products of sets possessing special additive structure. We also give a construction 
of sets of n complex numbers whose k-th moments are uniformly small for 1 < k < N 
(Turan's power sum problem), which improves upon known explicit constructions when 
(\ogN) 1+ °^ < n < (log A) 4+ °( 1 ). This latter construction produces elementary explicit 
examples ofnxJV matrices that satisfy RIP and whose columns constitute a new spherical 
code; for those problems the parameters closely match those of existing constructions in the 
range (log 7V) 1+o(1) < n < (log JV) 5 /2+°(i). 



Suppose 1 < k < n < N and < 5 < 1. A 'signal' x = (xj)^ =1 £ C N is said to be /c-sparse 
if x has at most k nonzero coordinates. An n x N matrix $ is said to satisfy the Restricted 
Isometry Property (RIP) of order k with constant S if, for all /c-sparse vectors x, we have 



While most authors work with real signals and matrices, in this paper we work with complex 
matrices for convenience. Given a complex matrix $ satisfying (ll.ip . the 2n x 2N real matrix 
formed by replacing each element a + i b of $ by the 2x2 matrix also satisfies 

(II .ip with the same parameters k, 5. 
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We know from Candes, Romberg and Tao that matrices satisfying RIP have application 
to sparse signal recovery (see [131 Q31 HHj). A variant of RIP (with the £2 norm in (11.11) 
replaced by the i\ norm) is also useful for such problems [$J. A weak form of RIP, where 
(11. ip holds for most fc-sparse x (called Statistical RIP) is studied in [22]. Other applications 
of RIP matrices may be found in [30l 131] . 

Given n, N, 5, we wish to find n x N RIP matrices of order k with constant 5, and with 
k as large as possible. If the entries of <£> are independent Bernoulli random variables with 
values ±l/y/n, then with high probability, $ will have the required properties 

T) 

(1.2) k^5 



log(2 JV/ra) ' 

See [HI [32] ; also [6] for a proof based on the Johnson-Lindenstrauss lemma [25] . The first 
result of similar type for these matrices is due to Kashin [27]. See also [HI HQ] for RIP 
matrices with rows randomly selected from the rows of a discrete Fourier transform matrix 
and for other random constructions of RIP matrices. The parameter k cannot be taken 
larger; in fact 

n 

<<C log(2iV/n) 

for every RIP matrix [35] . 

It is an open problem to find good explicit constructions of RIP matrices; see T. Tao's 
Weblog [43J for a discussion of the problem. We mention here that all known explicit exam- 
ples of RIP matrices are based on constructions of systems of unit vectors (the columns of 
the matrix) with small coherence. 

The coherence parameter \i of a collection of unit vectors {ui, . . . , u^} C C n is defined by 

(1.3) (jl := max |(u n u s )|. 

Matrices whose columns are unit vectors with small coherence are connected to a number 
of well-known problems, a few of which we describe below. Systems of vectors with small 
coherence are also known as spherical codes. Some other applications of matrices with small 
coherence may be found in [T5| I2TJ], [3Tj . 

Proposition 1. Suppose that u 1; . . . , are the columns of a matrix $ and have coherence 
ji. Then $ satisfies RIP of order k with constant 5 = {k — 1)^. 

Proof. For any fc-sparse vector x, 

|||$x||2 - Hxllal < 2^2\x r x s (ur,u s )\ 

r<s 

<M£l^lMx|D<(fc-i«. □ 



-^For convenience, we utilize the Vinogradov notation a <C b, which means a = 0(b), and the Hardy 
notation axi, which means b <^ a b. 
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All explicit constructions of matrices with small coherence are based on number theory. 
There are many constructions producing matrices with 

/ x log N 

^Jn iogn 

In particular, such examples have been constructed by Kashin [26], Alon, Goldreich, Hastad 
and Peralta (2j, DeVore [17], and Nelson and Temlyakov [35J. By Proposition [IJ these 
matrices satisfy RIP with constant 5 and order 

logn 



(1.5) fcx<5 , . 

v 1 logiV 

It follows from random constructions of Erdos and Renyi for Turan's problem (see Proposition 
|2] and (I1.15P below) that for any n, N there are vectors with coherence 



„ logN 
u <C 

V n 

By contrast, there is a universal lower bound 



;i.e) ii » (- 



WAT \V2 1 

> 



*nlog(n/log N)J yfn 

valid for 21ogiV < n < N/2 and all $, due to Levenshtein [29] (see also [21] and [35]). 
Therefore, by estimating RIP parameters in terms of the coherence parameter we cannot 
construct n x N RIP matrices of order larger than y/n and constant § < 1. 

Using methods of additive combinatorics, we construct RIP matrices of order k with 
n = o(k 2 ). 

Theorem 1. There is an effective constant Eq > and an explicit number such that for 
any positive integers n > n and n < N < n l+eo , there is an explicit n x N RIP matrix of 
order |_n 5+eo J with constant n~ £ ° . 

Remark 1 . For application to sparse signal recovery, it is sufficient to take fixed 5 < y2 — 1 
|13j . and one needs an upper bound on n in terms of k, N. By Theorem [JJ for some e' > 0, 
large N and iV 1 / 2- ^ < k < A^ 1 / 2+e o, we construct explicit RIP matrices with n < k 2 ~ e 'o. 

The proof of Theorem [1] uses a result on additive energy of sets (Corollary [2], Theorem H]), 
estimates for sizes of sumsets in product sets (Theorem [5]), and bounds for exponential sums 
over products of sets possessing special additive structure (Lemma fTUl). 

We now return to the problem of constructing matrices with small coherence. By (II .6p . the 
bound (11.41) cannot be improved if log n ^> log N, but there is a gap between bounds (11.61) and 
(II. 4p when log n = o(log N). For example, fll.4j) is nontrivial only for n 3> (log N/ log log iV) 2 . 
Of particular interest in coding theory is the range n = 0(\og c N) for fixed C, where there 
have been some improvements made to (11.41) . A construction obtained by concatenating 
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algebraic-geometric codes with Hadamard codes (see e.g. [23j Corollary 3] and Section 3 of 
[7]) produces matrices with coherence 

n7 , „ ( logiV V /3 

1 ' ^ \n\og(n/\ogN)) ' 

which is nontrivial for n ^> logiV, and is better than (11.41) when logiV <Cn< ( logtogjv ) 4- ^ n 
the range ( lo ' g °f ^ ) 5/2 < n < ( J"^ ) 5 , Ben-Aroya and Ta-Shma [7] improved both (TOP 
and (11.7P by constructing binary codes (vectors with entries ±l/\/n) with coherence 

log AT \ 1/2 

;i.8) /i< ' 



^ra 4 / 5 log log N / 

In this paper, we introduce very elementary constructions of matrices with coherence which 
matches (up to a log log N factor) the bound (jl.7p . Our constructions, which are based on 
a method of Ajtai, Iwaniec, Komlos, Pintz and Szemeredi pQ, have the added utility of 
applying to Turan's power-sum problem and to the problem of finding thin sets with small 
Fourier coefficients. For the last two problems, our construction gives better estimates than 
existing explicit constructions in certain ranges of the parameters. 

Roughly speaking, a set with small Fourier coefficients can be used to construct a set 
of numbers for Turan's problem, and a set of numbers in Turan's problem can be used to 
produce a matrix with small coherence. This is made precise below. 

We next describe the problem of explicitly constructing thin sets with small Fourier co- 
efficients. If iV is a positive integer and S is a set (or multiset) of residues modulo N, we 
let 

f s (k) = J2 e27rikS/N 

and 

Given N, we wish to find a small set S with \fs\ also small. 
Turan's problem jl5] concerns the estimation of the function 



T(n,N)= min M N (z), M N (z) := max 

|zi|=-=|*nl=l k=l,...,N 



£4 



where n, N are positive integers. There is a vast literature related to Turan's problem; see, 
e.g., [3], g], [33] (chapter 5), [H], [32]. 

If S = {ti, . . . , t n } is a multiset of integers modulo iV and Zj = e 2mt ^ N for 1 < j < n, we 
see that 

(1.9) T(n,N-l)<M N ^(z)<n\f s \. 

We also have the following easy connection between Turan's problem and coherence. 
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Proposition 2. Given any vector z = (zi, . . . , z n ) with \zj\ = 1 for all j , the coherence \i of 
the n x N matrix with the columns 

(1.10) u- 1/2 (^- 1 ,...,^- 1 ) T , fc = l 

satisfies \i = n~ 1 M N _i(z) . 

Combining (jl.9p and Proposition [2J for any multiset S of residues modulo N, the vectors 
ffTTOj) satisfy 

(i.n) /i<IM- 

A corollary of a character sum estimate of Katz [28] (see also [3TJ) showH that for certain 
iV and 1/N < \i < 1, there are (explicitly defined) sets T of residues modulo iV so that 

/ log 2 JV 

1.12 \m<h, m = o ° 

V/i 2 (log logiV + log(l//i)) 

An application of Dirichlet's approximation theorem shows that a set S with |5| < log A" 
must have \f$\ ^> 1. In [I], sets which are not much larger are explicitly constructed so 
that \fs\ is small. Specifically, by [TJ (1),(2)], for each primal A" there is a set S with 
|S| = 0(logAf(log* AT)i3io g *iV) and 

|/ 5 | = 0(l/log*JV), 

where log* A" is the integer k so that the fc-th iterate of the logarithm of A" lies in [1 , e) . The 
proof uses an iterative procedure. By modifying this procedure, and truncating after two 
steps, we prove the following. To state our results, for brevity write 

L\ — log AT, L 2 = log log N, L 3 = log log log N. 
Theorem 2. For sufficiently large prime N and \x such that 

(1.13) ^<m<1, V^eN, 

a set S of residues modulo N can be explicitly constructed so that 

, „, n ( LiLjlogp/M) \ / LiL 2 \ 

I/S| -"' ^ |S| = W3 + log(l/ri) J = °(— )■ 

Remark 2. The method from [TJ, if applied without modification (with two iterations of the 
basic lemma), produces a conclusion in Theorem [2] with 

L\L 2 



\S\ = O 



2 Here we take TV = p d - 2, where p is prime, p « ((d - l)/^) 2 and ((cZ - l)^~ 1 ) 2d « AT. Let F = ¥ pd . 
The group of characters on F is a cyclic group of order N + 1 with generator \i- For any x £ F \ {0} 
write Xi(a^) = e(t x /N). Let a; be an element of F not contained in any proper subfield of F and take 
T = {t x+j : j = 0, . . . ,p - 1}. Then |T| = p, and |/ T | < (d - by [28]. 

3 A corresponding result when N is composite is given in [38] . 
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Remark 3. The bound on \S\ in Theorem [2] is better than 111. 12ft for fj, ^> L 1 L 2 . 

Together, the construction for Theorem |2] and (11.91) give explicit sets z for Turan's problem. 
By further modifying the construction, we can do better. 

Theorem 3. For sufficiently large positive integer N and \x such that 
(1.14) ^</i<l, 

a multiset z = {z\, . . . , z n } such that \z\\ = ■ ■ ■ = \z n \ = 1, can be explicitly constructed so 
that 



M N (z) < fin, n 



f L 1 L 2 log(2/ / x) \ _ n (L 1 L 2 \ 
W(L 3 + log(l/n))J \ J 



To put Theorem [3] in context, we briefly review what is known about T(n,N). P. Erdos 
and A. Renyi [19] used probabilistic methods to prove an upper estimate 

(1.15) T(n, N) < (6nlog(iV + 1)) 1/2 . 

Using the character sum bound of Katz [28], J. Andersson [5] gave explicit examples of sets 
z which give 

(1.16) T(n, N) < Mjv(z) < ^ logN 

iogn 

One can see that (jl.ISp supersedes (I1.15P for log log 2 n. Also, combining (jl.ISp with 
Proposition [2] provides yet another construction of matrices with coherence satisfying (11. 4p . 
On the other hand, by (II. 6p and Proposition [21 we have the lower estimate 

T(n,N)^>( - n . l °^ N r V >n 1 / 2 (2 logiV < n < N/2). 



Jog(n/ logA^) 

By comparison, the constructions in Theorem [3] are better than fll. 16j> in the range 
n L\jL\, that is, throughout the range (j!.14p (our constructions require n to be prime, 
however). 

The constructions in Theorem [3] also produce, by Proposition [21 explicit examples of 
matrices with coherence 

\ n 

which is close to the bound (II. 7p . By Proposition [TJ these matrices satisfy RIP with constant 
5 and order 

We prove Theorem [1] in Sections EHSl Theorem [21 in Section [7] and Theorem [3] in Section 

E 
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2. Construction of the matrix in Theorem [T] 

We fix a large even number m. A value of m can be specified; it depends on the constant Co 
in an estimate from additive combinatorics (Proposition [3j Section HJ). Also, the value m can 
be reduced if one proves a better version of the Balog-Szemeredi-Gowers lemma (Lemma [6] 
below) . 

For sufficiently large n we take the largest prime p < n, which satisfies p > n/2 by 
Bertrand's postulate. By ¥ p we denote the field of the residues modulo p, and let F* = 
W p \ {0}. For x G F p , let e p (x) = e 2mx / p . We construct an appropriate p x N matrix $ p with 
columns u a ^, a G srf CF p ,6G^CF p where 

u a ,fe = -^p{e p (ax 2 + bx)) xe¥p 
■yP 

and the sets £/, 8$ will be defined below. Notice that the matrix <3> p can be extended to a 
n x N matrix $ by adding n — p zero rows. Clearly, the matrices $ p and $ have the same 
RIP parameters. 
We take 



(2.1) 



a 



L = [p a \ , U = L 



4m— 1 



{x 2 + Ux : 1 < x < L}. 



To define the set we take 

/3 = a/2 = l/(16m 2 ), 

and let 



filogp 
log 2 _ 



M = 2( 1 //5)- 



•,l§m z -l 



^Xj^My- 1 : Xl ,...,x r G {0,...,M- 1} 



We notice that all elements of 
(2.2) 

It follows from (EH) and (Q that 



are at most p/2, and 

1-/3 



Ml-- 



For n < N < n 1+/3 / 2 , take $ to be the matrix formed by the first iV columns of $ p , padded 
with n — p rows of zeros. 

In the next four sections, we show that $ has the required properties for Theorem [TJ First, 
in Section 131 we show that in (II. ip we need only consider vectors x whose components are 
or 1 (emphflat vectors). We prove the following. 

Lemma 1. Let k > 2 10 and s be a positive integer. Assume that the coherence parameter 
of the matrix $ is // < 1/k. Also, assume that for some 5 > and any disjoint J\, J 2 C 
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{1, . . . , iV} with | Ji| < k, | J2I < k we have 

jeJi j£J2 I 

Then $ satisfies the RIP of order 2sk with constant 4AsVd log k. 

Our main lemma concerns showing RIP with flat vectors and order k = [a/pJ • We prove 
the required estimates for matrices formed from more general sets and SS having certain 
additive properties. Namely, let m E 2N and < a < 0.01. Assume that 

(2.3) < p a 
and, for a E srf and 01, . . . , aim E {a}, 

m j 2m j 

(2.4) = (ai, . . . , a m ) is a permutation of (a m+ i, . . . , c^m)- 

j=l J j=m+l J 

Here we write 1/x for the multiplicative inverse of x E ¥ p . We will consider the sets 3$ 
satisfying 

(2.5) VSC^ if |5|>p 1/3 then E(S, S) < p^\S\ 3 

with some 7 > 0, where E(S, S) is the number of solutions of Si + s 2 = s 3 + s 4 with each 
Si e S. 

Lemma 2. Let m E 2N ; a E (0,0.01), < 7 < min(a, -^), p sufficiently large in terms 
of m, a, 7, .2/ satisfies (12.31) and (12.4ft . and SS satisfies ( 12. 5ft . Then for any disjoint sets 
Qi,Q,2 C =2/ x ^ swc/i i/iai < */p ; < -y/p, i/ie inequality 



E 

(ai,6i)efii (a 2 , 62)6^2 



< p l/2- ea 



no/ds where e\ = C07/2O — 43a/m. 

The proof of Lemma [2] is quite involved, and will be handled in three subsequent sections. 
We next demonstate how Theorem [1] may be deduced from it. 

We first prove (12.41) for the specific set srf defined in (12.11) . provided that p > (2m) 8m 
(and thus L > 2m). We have to show that for any distinct x, X\ . . . , x n E {1, . . . , L} and any 
nonzero integers Ai, . . . , X n such that n > 2m and | Ai| + h |A n | < 2m, the sum 



[x — xj)(x + Xj + U) 



is a nonzero element of F p . However, we will treat V as a rational number. Denote 



D i = Y[{x-Xj), D 2 = Y[{x + Xj + U). 

j=i 3=1 
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So, 



(2.6) DlD2V =y^- 



All summands in the right-hand side of (12.61) but the first one are divisible by x + x\ + U. 
For the first summand we have 

AiDi D 2 



where 



We have 



, T = Vi (mod x + xi + U), 
x — x\ x + x\ + U 

n n 

Vi = Ai Y[(x - Xj) Y[(xj - xi). 



\VA< 2mL 2n - 2 < 2mL 4m - 2 < L^ 1 = U < U + x + a*. 



-i 



This shows that V\ ^ (mod x + xi + U) . Therefore, V ^ 0. By assumption, p \ Di, and 
|D 2 V| < 2m(U + 2L) n /C/ < AmU 2 ™' 1 < U 2m < p. 

Hence p \ DiD 2 V, as desired. 

Condition (I2.5p is satisfied due to Corollary H] of Section \5\ with 7 = /3/50. If m > 86000c 
then Lemma [2] gives a nontrivial estimate with e\ > 0. Thus, <& p satisfies the conditions of 
Corollary □ with k = [ A /pJ > y/n/2 and 5 = p~ Sl < (n/2)- £l (using p > 0.9n for large n, 
which follows from the prime number theorem). Let Eq = £i/5. Let n < N < n 1+e °, and let 
$ be the n x N matrix formed by taking the first iV columns of then adding n — p rows 
of zeros. Clearly, $ satisfies the conditions of Corollary [1] with the same parameters as $ p . 
By Lemma [1] with s = [p £l ^\, Theorem [1] follows. 

In Section @] we introduce some notation and recall standard estimates in additive combi- 
natorics, which will be applied to subsets of SB. Section [5] is devoted to the sumset theory 
of S3, from which we deduce ( 12. 5 p . The completion of the proof of Lemma [2] is in Section El 
We give some preliminaries here. 

It is easy to see that for a fixed a the vectors : b G F p } form an orthogonal sys- 

tem. Using a well-known formula for Gauss sums XLeF p e p(dx 2 ) (see, for example, 
Proposition 6.31), we have for a\ ^ a 2 the equality 

/ \ —1 f (^1 — b>2) 2 A \ •> , 9\ 

(u aij6l , u a2ib2 ) =p e p [ -— r > ep((ai - a 2 )x ) 



Op_ ( 01 - a 2 \ ( (bi - b 2 ) 2 \ 
Jp\ p J Cp \ 4(a 1 -a 2 )J 



Vp\ p 

where (^) is the Legendre symbofl, and a p = 1 or i according as p = 1 or 3 (mod 4). We 
remark that there is no analogous formula for exponential sums Y2 x eF p e p(-^( x )) w hen F is 



4 for d e F*, we have (|) = 1 if the congruence x 2 = d (mod p) has a solution, and (|) = —1 otherwise. 
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a polynomial of degree > 3. Consequently, the assertion of Lemma [2] can be rewritten as 

(bx - h) 2 



(2.7) 



E E 

(oi,fei)eOi (a2,fe2)e£^2 



a\ — a 2 
V 



4(ai - a 2 ) 



< p 



l-ei 



where the summands with a\ = a 2 are excluded from the summation. We next break Q\, Q 2 
into balanced sets. For and i = 1,2, let 



tti(a) = {b G 
To prove (12. 7p it is enough to show that 

(2.8) IS^A^Kp 1 - 1 - 1 ^, 



(a, b) e fii}. 



S(A 1 ,A 2 )= 



E 

a\&A\, fe 1 gQ 1 (ai), 
a 2 &A 2 636^2(02) 



ai - a 2 
p 



(h - b 2 f 

4(a a - a 2 ) 



whenever M l5 M 2 are powers of two and, for i = 1, 2 and for any 6 Aj, 
(2.9) M^2 < |^(a,)| < M 4 , |A 4 |M 4 < 2^p. 

Indeed, there are 0(log 2 p) choices for M 1; M 2 . To prove the cancellation in ( 12. 8p . we basically 
split into two cases: (i) some B' = fli(aj) has additive structure (that is, E(B', B 1 ) is large), 
where the cancellation comes from the sum over 61,62 (with ai,a 2 fixed), and (ii) when B' 
does not have additive structure, in which case one gets dispersion of the phases from the 
dilation weights l/(ai — a 2 ) (taking a large moment and using (12 .4p ). Incidentally, oscillations 
of the factor ( ai ~ a2 ) play no role in the argument. 

3. The Flat-RIP property 

Let ui, . . . , ujv be the columns of an n x iV matrix $. Suppose that for every j, \\uj\\ 2 = 1. 
We say that $ satisfies the flat RIP of order k with constant 5 if for any disjoint Ji, J 2 C 
{1, . . . , iV} with I Ji\ < k, I J 2 \ < k we have 

(3.1) (E^E^) <Wiii^i) 1/2 . 

For technical reasons, it is more convenient to work with the flat-RIP than with the RIP. 
However, flat-RIP implies RIP with an increase in 5. The flat-RIP property is closely related 
to the property that (II. ip holds for any x with entries which are zero or one and at most k 
ones (see the calculation at the end of this section). 

Lemma 3. Let k > 2 10 and s be a positive integer. Suppose that $ satisfies flat-RIP of 
order k with constant S. Then $ satisfies RIP of order 2sk with constant 44s5\ogk. 

Proof. First, by a convexity- type argument and our assumption, 



(3.2) 



E-''' u '-E^ n ' 

\jeJi jeJ 2 



< Wl||</2|) V2 
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provided that |Ji| < k, |J 2 | < k, < Xj,yj < 1 for all j. Next, suppose |Ji| < k, |J 2 | < k, 
and < Xj,i/j for all j. Without loss of generality assume that ||x|| 2 = ||y||2 — 1 ; where || • || 2 
denotes the / 2 norm. For a positive integer v let 

Ji,u = {j e Ji : T v < x 3 < 2 1 ~ u }, J 2)i/ = {j G J 2 : 2"" < Vj < 2 1 -"}. 

Observe that 

(3-3) $>-<Vi,,l<l, ^4^|J V |<1. 

V V 

Applying (13. 2 j) to sets Ji^, J 2jl/ , we get 



Nj'gJi 3&J2 1 



-o 11 /- S // ' u ' 



4^2-HJi,,r /2 ^2-HJ 2 ,,| 



1 1/2 



Let i = [3 + log fc/ (2 log 2) J . By the Cauchy-Schwarz inequality we infer that 

t 00 



f !/=l v=t+l 

1/2 



1/2 



\i/=i / i/=t+i 



Similarly, 

Therefore, 
(3-4) 



E 2 ~i J vi 1/2 <* 1/2 + i- 



<4<5(t 1/2 + -] < 5.55 log k. 



For the next step, suppose Xj,yj take arbitrary complex values, |Ji| < sk and |J 2 | < s/c. 
We partition J\ and J 2 into s subsets of cardinality at most k each: J\ = Ufj =1 Ji iM , J 2 = 
Ufj =1 J 2jjU . Next, for any j we have 



Vi = E 



■1/ I |2 



E4-> l%l 2 = E^ 



v=i 



i/=i 
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where Xj tU ,yj tU are non- negative. By (13.4p and the Cauchy-Schwarz inequality, 

s 4 s 4 

sEEEE 



\je.h je.h 



Hl=l V\ = \ H2=l V2 = l 



(3.5) 



1/2 



1/2 



E 



J^2 



vJ'GJ 2 „ 



< J] 5.55(log£;) £ ^ 

Ml. ^l,A*2,f2 \j6./l, M1 

< 22s5||x|| 2 ||y|| 2 logfc. 

To complete the proof of the lemma assume iV > 2sfc and consider a vector x = YE g j a^e^ 
with 1 1 x 1 1 2 = 1 arid \ J\ = 2sk, where (e\, . . . , e^v) is the standard basis of C . Take arbitrary 
partitions of J into two sets J\, J 2 of cardinality sk each. By (|3.5p . we have 



l$x| 



^ ] (^Jl U Jl ) X 32 U J2 ) 



< 



< 



2sk - 2 
sife- 1 

2sA; - 2 
sJfe-1 

2sA; - 2 
sk-1 



(E 1 ^'!) 1 ^ 



^22 S< y(logfc) £ 



1/2 



1/2 



E 



^lMlxll^logA; 

J1J2 



2sk\ (2sk - 2 



sk 



sk-1 



-1 



lls5||x||| log < 44s5||x||| log A; 



□ 



Proof of LemmaUl For any disjoint Ji, J 2 C {1, . . . , iV} with | Ji| < fc, | J 2 | < we have 

Uj, Uj \ < mm(Sk, fi\Ji\\J 2 \) < mm(5k, \J 1 \\J 2 \/k) < y/S\ J\\ | J 2 |, 
\jeJi ieJ 2 / 

and it remains to apply Lemma [3j 



□ 



Remark 4. Using the assumptions of the Lemma [T] directly rather than reducing it to 
Lemma El one can get a better constant for RIP; However, we do not need a stronger 
version of the corollary for our purposes. 

4. Some definitions and results from additive combinatorics 
For an (additive) abelian group G we define the sum and the difference of subsets A,BcG: 
A + B = {a + b: a G A,b G B}, A - B = {a - b : a G A,b G B}. 
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We denote -A = {-x : x E A}. If A C G = ¥ p and b E ¥ p , write bA = {ba : a E A}. 

Consider G = ¥ p and let 38 C G be the set defined in Section[2J There is a natural bijection 
$ between 38 and the cube ^ M ,r = {0, . . . , M - l} r defined by $(£J =1 ar i (2M) J ' _1 ) = 
(xi, . . . ,x r ). Moreover, it is trivial that b\ + b 2 = &3 + &4 if and only if $(61) + $(62) = 
$(63) + $(64). In the language of additive combinatorics, $ is a Freiman isomorphism 
between 38 and tf M ,r- Thus, \B X + B 2 \ = + $(B 2 )| for any Bi C 5 2 C ^. The 

problem of the size of sumsets in ^v/,r will be investigated in the next section. 

We will use the following lemma which is a particular case of Plunecke - Ruzsa estimates 
(0, Exercise 6.5.15). 

Lemma 4. For any nonempty set A C G we have \A + A\ < \A — A\ 2 /\A\. 

If A, B C G, we define the (additive) energy E(A, B) of the sets A and B as the number 
of solutions of the equation 

ax + b x = a 2 + b 2 , ai, a 2 E A, bi,b 2 E B. 

Next, let F C A x B. The F-restricted sum of A and B is defined as 

A + F B = {a + b : a E A,b E B, (a, 6) G F}. 

Trivially F(v4,v4) < |v4| 3 . If F(v4,v4) is close to |v4| 3 then A must have a special additive 
structure. 

Lemma 5. (\M\, Lemma 2.30) If E(A,A) > \A\ 3 /K then there exists F C Ax A such that 
\F\ > \A\ 2 /(2K) and \A+ F A\ < 2K\A\. 

The following lemma [UJ is a version of the Balog-Szemeredi-Gowers lemma which plays 
a very important role in additive combinatorics. 

Lemma 6. If F C A x A, \F\ > \A\ 2 /L and \A + F A\ < L\A\. Then there exists a set 
A' C A such that \A'\ > \A\/(10L) and \A' - A'\ < 10 4 L 9 |A|. 

Combining Lemma [5] and Lemma [6] gives the following. 

Corollary 1. IfE(A, A) > \A\ 3 /K then there exists a set A' C A such that \A'\ > \A\/(20K) 
and I A' -A'\ < 10 7 K 9 \A\. 

For a function / : ¥ p — > C and a number r > 1 we define the L r norm of /: 

n/iir= ( Ei/^r 

\xe¥ p 

The additive convolution of two functions /, g : ¥ p — > C is defined as 

f*g(x) = f(y)g(x-y). 

By 1^ we denote the indicator function of the set A. With this notation, we have 
(4.1) E(A,B) = E(A,-B) = \\l A *l B \\l 
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We say that a function / : ¥ p — > IR + is a probability measure if ||/||i = 1. Notice that if 
/, g are probability measures then / * g is also a probability measure. 

Proposition 3 ([TQJ Theorem C]). Assume A C ¥ p , B C F* with \A\ > \B\. For some 
c > 0, 

(4.2) J2 E ( A > bA ) < (min(p/|A|, l^l) - ^ \A\ 3 \B\. 

Remark 5. An explicit version of Proposition [31 with cq = 1/10430, is given in [12]. 

Note that if \A\ < \B\, we may decompose B as a disjoint union of at most 2|5|/|A| sets 
Bj with \A\/2< \Bj\ < \A\ and apply (O]) for each 5,. Hence 

^£(A,6A)« min(|A|,|S|, |^r) _C °|A| 3 |S|. 
Applying the Cauchy-Schwarz inequality we get 

(4.3) e ii 1 ^ * < i^i 3/2 (i^r co/2 i5| + ibi 1 -^ 2 + P - co/2 |Ar o/2 i5i) . 

Remark 6. It would be interesting to find best possible value for Co in Proposition |3j The 
example A = B = {1, . . . , [y/p]} shows that Co < 1. 

Corollary 2. For any A C F p and a probability measure A we /iave 

E A(6)||1 A * 1 M || 2 « (||A|| 2 + + lAI^V 172 )" l^| 3/2 - 



Proof. Put A(p) = 0, and let b be a permutation of {1, . . . ,p} such that A(&i) > - • • > X(b p ) 
0. By ( 14. 3ft . for 1 < j < p — 1 we have Sj <C Gj, where 

Si = E IIU * hAh, Gj := |A| 3 / 2 (|A|- c °/ 2 j + |A| C0 V C0/2 i +i 1 - C0/2 ) • 
Applying summation by parts, 

E A ( fe )n^ * iwiia = E to - = E ^ ( A ^) - A ^+i)) 

beF; j=i j=i 

p— i p— l 

« E Gi (Afo) - A(6 i+ i)) = E A ^) (Gj ~ G3-1) 



3=1 3=1 



MI3/2 



\A\- Co/2 + p- Co/2 \A\ Co/2 + o( E A(6j-)j"''" 2 

i=i 
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Denote uq = ||A|| J 2 . Notice that 1 < uq < p since ||A||i = 1. Separately considering j < w 
and j > uo and using the Cauchy-Schwarz inequality, we get 

p / \ 1/2 

]T A(&,)r Co/2 < ||A|| 2 E^° +< C0/2 = O(||A||-). □ 

j=l \j<uo / 

Although Corollary [2] suffices for the purposes of this paper, a further generalization of 
Proposition [3] might be useful. For z G F* we define a function p z [f] by p z [f]{%) = f( x / z )- 

Theorem 4. Let A, p be probability measures on ¥ p . Then 

E A(6)||a* * PMh « (l|A|| a + \\ph + ||/i|| 2 -V 1/2 ) C ° /7 Mb- 

Proof. Using a parameter A > 1 which will be specified later we define the sets 

A_ = {x : p(x) > \\p\\lA}, A + = {x : p(x) < \\p\\ 2 2 A~ 2 }, A = ¥ p \ A_ \ A + . 
Decompose p = p- + po + p + where 

/i_=/il J 4_, p = pi a, p + = p1a + - 
The contribution to the sum in the theorem from /i_ and p + is negligible. First, 

(4-4) H^ll^^— J2Kx) 2 <A-\ 

and 

(4-5) \\p+h < H/ilhA-l/i+Hl 72 < H^llaA- 1 . 

Using Young's inequality (cf jH], Theorem 4.8), we find that 

E * pMh < E A(&)ii//-iiiiip 6 Mii2 



(4.6) 



(4.7) 



< E A ( & ) A_1 |l/"ll2< A-l/ib, 



6GFJ 



£>gf; 



Similarly, 

(4.8) E A C & )llMo * Pb[(p- + P + )]h < ^A-'Wpi 
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So, it suffices to estimate the contribution of //o- We have 

i = IIHIi > ^2K x ) > I^IIHI 2a ~ 2 - 

Hence, \A\ < ||/z||^~ 2 A 2 . Now we can use Corollary [2j 

^2 A(fo) ll/xo * P&Mlh < INI2A 2 ^2 M 6 )!! 1 -* * lbA h 

be¥* be¥* p 

< ||/i||^A 2 (||A|| C 2 ° + \A\- C °/ 2 + |A| c °/V Co/2 ) \A\ 3/2 

< \\fi\\ 4 2 A 2 (||A||?||//||2 3 A 3 + ||/i|| 2 3+C0 A 3 - C0 + \\fi\\ 2 3 - C0 A 3+C0 ) 

< A^I^II^IIAII^ + ll^ll^ + ^lir ^ 072 ). 
Combining the last inequality with ( 14.61) - ( 14.81) we get 

^A(6)|| /U *p 6 [ /U ]|| 2 <4A- 1 || M || 2 + 0(A 6 || /U || 2 5), 

where 

S= l|A||? + ||/i||? + ||/i||2 Co p- C0/2 . 
Taking A = max(l, S 1 ^ 7 ) completes the proof of the theorem. □ 

5. A SUMSET ESTIMATE IN PRODUCT SETS 

The main result of this section is the following. 

Theorem 5. Let r, M G N, M > 2 and & = tf M ,r = {0, . . . , M — l} r . Let r = r M be the 
solution of the equation 

1 \ 2r (M-l 
Mj + V M 
Then for any subsets A, B C we have 

(5.1) \A + B\>(\A\\B\y. 

Observe that for A = B = we have \A + B\ = \A\ T \B\ T where 



T = T 



log(2M 



M 21ogM ' 
By Theorem [5], r < t' . On the other hand, r > 1/2. If M — > 00 then 

(5.2) u* = l-(l-r*r~!, 2t-1~^~2t'-1. 

So, the asymptotic behavior of 2tm — 1 as M — > 00 is sharp. Likely, inequality ( 15. ip holds 
with r = r'. This was proved in the case M = 2 by Woodall |4T] . 

Results of a similar spirit, concerning addition of subsets of F p r and related groups, are 
considered in [9]. 
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For positive integers K, L we define an UR— path as a sequence of pairs of integers 2? = 
((«i, ji) = (0,0), . . . , (iK+L-iJx+L-i) = (K -1,L- 1)) such that for any n either i n+1 = 

+ 1; Jn+1 = jni or ^n+1 = *n> Jn+1 = jn + L 

Lemma 7. Let i^L < M 2 , uq > ■ ■ ■ > Uk-i > 0, vq > ■ ■ ■ > Vl-i > 0, r = tm- Then there 
exists an UR—path & such that 

K+L-l /K-l \ T /L-1 \ T 

n=l \i=0 J \j=0 J 

Proof. We proceed by induction on K + L. For K — 1 or L — 1 the assertion is obvious. We 
prove it for K, L with min(i^, L) > 2, KL < M 2 supposing that it holds for (K, L) replaced 
by (K — 1, L) and (K, L — 1). Without loss of generality we assume that 

K-l L-1 

By the induction supposition, there exists an UR— path 8? such that i\ = = and 

K+L-l /K-l \ r /L-1 \ T 

n=2 \i=l J \j=0 / 

Therefore, 

K+L-l 

s := m ^ x Yl ( Ui ^y - ( u o v oY + (i - u y. 

n=l 

Similarly, S > (uoVo) T + (1 — fo) r . Thus, S > w 2t + (1 — w) T where 

w = (u v y/ 2 > (KL)- 1 / 2 > l/M. 

The function f(x) = x 2t + (1 — x) T — 1 has negative third derivative on [0, 1] and f(0) = 
/(l/M) = f(l) = 0. By Rolle's theorem, / has no other zeros on [0, 1], and since f(u) > 
for u close to 1, f(x) > for l/M < x < 1. Therefore, f{w) > as desired. □ 

We will need Lemma [7] only for K = L = M (although for the proof it was convenient to 
have varying K, L). 

Lemma 8. Let U , . . . , Um-i, V , . . . , Vm-i be non-negative numbers, and r = r M . Then 

2M-2 /M-l \ T /M-l \ T 

(5.4) * E U *) E • 

A«=0 K >0,A>6 V«=0 / \A=0 / 

Lemma [S] has some similarity with inequality (2.1) from [36J. 

Proof. We order Uo, . . . , Um-i and Vb, . . . , Vm-i in the descending order uq > • • • > um-i and 
v > ■ • • > vm-i, respectively, where for some permutations 7r and a of the set {0, . . . , M — 1} 
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we have u\ = U nt ,Vj = V ay We consider an arbitrary UR— path & with K = L = M. Since 
\{7r il ,...,iT in }\ = i n + l and \{a h , . . . , a jn }\ = j n + 1, 

\{7T h , . . . , 7T in } + {(T h ,. . . , a jn }\ > i n +jn + 1. 

Consequently, there is a permutation ip of {0, . . . , 2M — 2} so that 

V(n-l) G {7r il ,...,7r i J + {a J1 ,...,a j J (1 < n < 2M - 1). 
Thus, for some k G {x^, . . . , 7r in } and Ao G {cr^, . . . , aj n } we have 

max u (u K v x y>(u K0 v Xo y. 

k>0,A>0 

But [7 Ko = Mj for some z G . . . , i n }. Recalling that i\ < %i < . . . and u\ > 112 > • • • we 
obtain U Ko > u in . Similarly, V Xo > Vj n . Therefore, 

max {U K V X ) T > (u in v jn ) r 

K+X=ip(n— 1), 
k>0,A>0 

and 

2M-2 2A/-1 2M-1 

V max {U K V X ) T = V max {U K V X ) T > V (v in ) T , 

^— ' K+A=/i, ^— ' ft+A=?/)(n— 1), *— ' 

M=0 K >0,A>0 n=1 K >0,A>0 n=1 

and the result follows from Lemma [7J □ 

Now we are ready to prove Theorem [51 We proceed by induction on r. For r = the set 
^M,r is a singleton, and there is nothing to prove. Now suppose that the assertion holds for r 
replaced by r — 1 > 0. We consider arbitrary subsets A, B C ^ = ^A/,r- For i = 0, . . . , M — 1 
we denote 

A» = {(xi, . . . , x r -i) : (xi, . . . , x r _i, i) G A}, 
5i = {(xi, . . . , x r _i) : (xi, . . . , ar r _i, i) G £}. 
Let £) = A + 5. For n = 0, . . . , 2M - 2 we denote 

D n = {(x 1 , . . . , x r _i) : (xi, . . . , x r _i, n) G D}. 

Observe that 

\A\ = Y,\Al B = Y,\Bj\, D = J2\D n \. 

i j n 

For any n = 0, . . . , 2M — 2 we have 

I D n I > max j A4 + .Bj | . 

i+j, 
«>o,i>o 

By the induction supposition, \Ai + Bj\ > (\Ai\ \Bj\) T . Hence, 

\D n \ > max (\M\Bj\y. 

i+j, 

*>o,i>o 
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Applying Lemma [HI 

\D\ = "£\ D n\>Y, ™«. (iMmr > few) fei^i) =(\ a w b \y- 

n n i>0,j>0 \ i / \ j J 

The proof of Theorem [5] is complete. 

Corollary 3. Let m be a positive integer. For the set JcF p defined in Section^ and for 
any subset B C 3B, \B\ > p 1/4 we have \B — B\> p$/ 5 \B\. 

Proof. The set —B is a translate of some set B' C and ^ is Freiman isomorphic to ^M,r- 
Hence, for any Be J we have |S - £| = \B + £'| > l^ 2 ™. If \B\ > p l ' A then \B - B\ > 
|p|(2r M -i)/4| S |_ By and a short calculation using M > 2 15 , p ( 2 ^-i)/4 > p /3/5_ n 

Corollary 4. Fzx m G N and let p > p{m) be a sufficiently large prime. Let 3§ cF p be the 
set defined in Section^ Then for any subset S C 38, \S\ > p 1 ^ 3 we have E(S, S) < j9 _/3//50 |S'| 3 . 

Proof. Let E(S, S) = \S\ 3 /K. By CorollarylU there is a set B C S such that \B\ > \S\/(20K) 
and \B-B\< W K 9 \S\. If K < p^ /50 < p l/2i and p is so large that 10 7 < p^ m then we get 
contradiction with Corollary [3j □ 



6. The proof of Lemma [2] 

We may assume Si > 0, otherwise there is nothing to prove. Adopt the notation (Ai, Mj, Qi(a)) 
from SectionEl If |Ai|Mi < p 1 / 2 '^ 10 , then by (El, \S(A 1 ,A 2 )\ < 2p 1 ^/ 10 and (EE]) holds 
(recall that c < 1, hence £i < 7/20). Thus, we can assume that I A x | M x > p 1 /2-7/iO j w h icn 
implies, by (12.31) . that 

(6.1) Mi > p V2-«-7/io. 

Lemma 9. For any # e F p *, 5i C F p; £> 2 C F p we /iai>e 



E e p - b ^ 2 ) 



b 1 eB 1 
b 2 eB 2 



< \B 1 \ 1 / 2 E(B 1 ,B 1 ) 1 / 8 \B 2 \ 1 / 2 E(B 2 ,B 2 ) 1 V 



Proof. Let W denote the double sum over 61,62- By the Cauchy-Schwarz inequality, 



\w\ 2 < i^ii 



E e P - m 2 ) 



b 2 £B 2 



W E E e ^ d {bi-{y 2 f-2b 1 {b 2 -b' 2 ))) 

b 2 ,b' 2 &B 2 feiS-Bi 
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Another application of the Cauchy-Schwarz inequality gives 



\Bi 


2 m 


\Bi 


2 m 



b 2 ,b'eB 2 



x,ye¥ p 



J2e P (26h(b 2 -b' 2 )) 



where 



fly = 1 B2 * 1(-B 2 )(y). 

A third application of the Cauchy-Schwarz inequality, followed by Parseval's identity yields 
a well-known inequality (cf. [46], Problem 14(a) for Chapter 6) 



^2 K^ y e p (-29xy) 

x,y& p 



ye¥ p 



= p\\\gMl = pE(B 1 ,B 1 )E(B 2 ,B 2 ). 
By (EH) . 1^(^)1 > P 1/3 , and by Lemma M and (1231) . 

(6i - & 2 ) 2 



□ 



£ 

Gni(, 

Next, by (EH, we have 



frief2i(ai) 
&2 6^2(12) 



4(ai - a 2 ) 



\S(A X ,A 2 )\ <4|A 1 | 1 / 8 |A 2 | 1/ V" 7/4 - 

Thus, if \Ax\ < p 7/2 and \A 2 \ < p~< /2 , then \S{A U A 2 ) \ < Ap 1 ^/ 8 and ([22]) follows. Otherwise, 
without loss of generality we may assume that 

(6.2) \A 2 \>p<' 2 . 

The following lemma gives the necessary estimates to complete the proof of Lemma [2j For 
a\ G Ax, set 

a 1 — a 2 \ ( (61 - fe 2 ) 2 



r(A,B)=r ai (A,B) 



b±eB 
a 2 £A,b 2 £tt 2 (a 2 ) 



P 



4(a x - a 2 ) 



Lemma 10. //ai G A\, < 7 < min(a, y-), conditions (12.91) and (16.21) are satisfied and a 



set B C F p is such that 



(6.3) 

and 

(6.4) 



l/2-6a < |£| < pV2 



\B-B\ <p 28a \B\, 
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then 

(6.5) \T(A 2 ,B)\<\B\pW>->, ^ = ^-^- 

Remark 7. The proof of Lemma [TBI applies to more general sums, e.g. in T(A,B) one may 
replace the Legendre symbol ( ai ~° 2 ) with arbitrary complex numbers ip(ai, a 2 ) with modulus 

< 1, and one may replace 1 with different quantities g(ax,a 2 ) having the dissociative 
property (the analog of (12.41) holds). 

Postponing the proof of Lemma [TUJ, we show first how to deduce Lemma |2j 
We take a maximal subset B C Qi(ai) so that (16.51) holds for B = B . Denote B L = 
^i(ai) \ B . By Lemma U O, and (£3]) we have 

\T a ,{A 2 ,B x )\ < l^ir 72 ^^!,^) 178 !^^)! 172 ^^!^),^!^)) 1 /^ 178 

a 2 £A 2 

< \A 2 \\B l \ l l 2 E{B 1 ,B l ) l l % Ml l% p 1 ' s 

<2|5 1 | 1 / 2 J E;( J B 1 , J B 1 ) 1 /V 9/16)+(a/8) - 
Consider the case when 

(6.6) E(B 1 ,Bx) < p~ 3a M 3 . 
Then we have, due to ( 12. 9p . 

(6.7) \T ai {A 2: B x )\ < 2M 1 7/ V 9/16) ~ a/4 - 
Now assume that (16. 6p does not hold. By ( I2.9p . we get 

> p' a M h E(B h Bx) > p-^lBxl 3 . 
Applying now Corollary [T] and ( 12. 9 p we obtain the existence of a set B[ C -Bi such that 

M, n l/2-5a- 7 /10 

1 11 ~ 20p 4a ~ 20 ~ F 

and |-B(-S(| < 10V 7q |^i| < p 28a |-Bi|. Using Lemma [TD] we get inequality (J53]) for B = B[. 
Therefore, (I6.5P is also satisfied for B = BqU B[, contradicting the choice of Bq. 
Thus, we have shown that ( 16. 61) must hold. Using ( 16. 5ft for B = B and ( 16. 7ft we get 



|T ai (A 2 ,n!(ai))| < M iP W- £ * + 2M[ 



7 /8„(9/16)-a/4 



P 



Summing on a\ G A x and using (12. 3p and (12.91) . we obtain 

\S(A 1 ,A 2 )\ < \A t \ (m&W-** +2Ml /s pW 16) ~ aK 

< 2p l ~ £2 + 4|A 1 | 1/ V _a/4 < V~ £2 + V- Q/s , 
completing the proof of Lemma [2j 
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Proof of Lemma [JJJ By the Cauchy-Schwarz inequality we have 

\T(A 2 ,B)\ 2 < VP E \ F (W\> 

bi,beB 



where 



K - v hjh - b) 

4(a x - a 2 ) 2(a x - a 2 ) 



F(6,6i) = E e p f- 

626^2(02) 

Consequently, by Holder's inequality, 

(6.8) |T(A 2 ,5)| 2 < ^|5| 2 - 2 / m ( E \F(b,h) 

Next, 



E \F(bMT< E 



b!,b£B 



xeB+B, 



E 

Q2SA 2 , 



^ E E 

yeB—B a (i) eA2 

6^6^2(4^) 
Ki<m 



4(ai - a 2 ) 2(a x - a 2 ) 

m/2 



xeB+B 



E MfE 



1 



(i) (i+m/2) 
(2^ — Cl 2 Oi — (l 2 



Hence, for some complex numbers e y ^ of modulus < 1, 

(6.9) E \F{bMT<M? E E A (0^ E e P (^/4), 

6l,beS y£B~B §eF p xGB+S 



where 



A(0 



a«,...,a( m ) G 



m/2 , 

* : E(— 



W ai - a( i+m / 2 ) 



By (1231), 
(6.10) 
Let 



A(0) < (m/2)!|A 2 r/ 2 . 



C(z) = e cw = E A (o- 



yeB—B 



yGB-B 
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Then IC^- 2 )! < C( z )- By Holder's inequality, 
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E E A (^ E e P (^/ 4 ) 

yEB-B xGB+B 



E C'(^)e P (^/4) 



xeB+B 

zew p 



(6.11) 



<|£ + 5| 3/4 (e 
= i5+5i 3/4 fE 



E C'We P (^/4) 



zGFp 



4\ 1/4 



£(C* C)(z')e p (xz'/A) 



z'eF„ 



2 \ V 4 



= |fi + i?l 3/4 llc'*c , ii2 / V /4 

<\B + B\*/% *C||^V /4 - 
As C(^) = Ib-b^/O) we nave by the triangle inequality, 

||C*Clh< E mKe)\\k(B-B)*h'(B-B)h 

E A(e)A(e')l|i B - B *i(e7e)(B-B)ll2- 

Define the probability measure Ai by 

A(£) A(0 



(6.12) 



Ai(0 



\A 2 



The sum X^gf p A(£) is equal to the number of solutions of the equation 



+ ••• + 







ai - aW ai - a( m ) ai - a( m+1 ) a x - a( 2m ) 

with aW, . . . , a^ 2 " 1 -* G A2. By (I2.4p . this has only trivial solutions and thus 

(6.13) E A (£) 2 <™p2r 

Now we are in position to apply Corollary [2] which gives for any £' e F* 

(6.14) ^ Ai(0 || 1 B -B * 1(C'/£)(B-B) Ih 
?6F; 

« (HAilh + \B - B\~V 2 + \B- B^p- 1 ^ \B ~ Bf 2 . 

By (E2J) and (EE}, 

|| A x || 2 < V^.p~ mi/4 . 
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By flE3} and a < 0.01, 

\B-B\> \B\ > p 1 ' 2 -^ > p 0M . 
On the other hand, it follows from (16. 3 j) and (16. 4p that 

Since < 1/3 we get 

||Ai|| 2 + \B- B\- 1/2 + \B- B\ 1/2 p- 1/2 < V^.p-^/* + p-° A < p~ m ^ 5 . 
So, by and (I5^3j) . 



IIC * Clla < l^| 2m £ Ai(0 £ X ±(0\\1b-b * 1 



($'/0(B-B)||2 



< \A 2 \ 2m p~ {co,b)mi \B - 5 1 3/2 . 
Subsequent application of (16. 9p . (I6.10p and (16. lip gives 

\ F (PM)\ m < {^)\{M 2 \A 2 \) m \A 2 \~ ml2 \B - B\\B + B\ 

bi,beB 

+ 0{M™\A 2 \ m \B - 5| 3/4 |5 + 5| 3/ V (co/1 ° )m V /4 )- 
Due to Lemma HI condition (I6.4p implies 

\B + B\ <p 56a \B\. 

By (IP]) , p 1 / 4 < |^|i/2p3«_ R eca iii n g 7 < «, (j21ty . Q and (l6~4l . we conclude that 

\F{bM)\ m < (f )!(2 v ^)>- m7/ V 4Q |5| 2 + (2 v ^)> 63a | J B| 3/ V (co/10)m V /4 

b 1 ,beB 

< |^| 2 p m /2-(co/10)m 7 +84Q 

Plugging the last estimate into (I6.8p . we get 

\T(A 2 ,B)\ 2 < y/p\B\ 2 ~ 2/m (| j B| 2 p m /2-(co/10)m 7 +84a^ < |_g |2^1+84a/m-(c /10) 7 _ q 

7. Thin sets with small Fourier coefficients 

Denote by (a _1 ) m the inverse of a modulo m. It is easy to see for relatively prime integers 
a, b that 

(7.1) (fL^ + (^_J_ eZ . 

a ab 

Lemma 11. Let P > 4, 5 > 2, and R be a positive integer. Suppose that for every prime 
p < P , S p is a set of integers in (— p/2,p/2). Suppose q is a prime satisfying q > RP 2 . Then 
the numbers r + s (j3 \p~ 1 ) g , where 1 < r < R, P/2 < p < P, s^) G S p , are distinct modulo q. 
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Proof. Suppose that 

ri + s^\p^) q = r 2 + s^\p^) q (mod q). 
Multiplying both sides by p\p 2 gives 

r\PiP2 + P2-Si l] = r 2 pip 2 + Pis { £ 2) (mod q). 

By hypothesis, 

(n - r 2 )p lP2 + p 2 s^ l] - p lS ( 2 P2) <{R- 1)P 2 + P 2 <q, 



thus 



(n - r 2 )pip 2 = -p 2 s ( f l) +pis 



,(P2) 



The right side is divisible by pip 2 and the absolute value of the right side is < p±p 2 , hence 



both sides are zero, r\ = r 2 , p\ = p 2 and s{ 



(Pi) _ „(Pa) 



□ 



For brevity, we write e(z) for e 27 ™ 2 is what follows. 

Lemma 12. Lei P > 4, S > 2, and R be a positive integer. Suppose that for every prime 
p G (P/2,P], S p is a multiset of integers in (— p/2,p/2), \S P \ = S and \ f Sp \ < e. Suppose q 
is a prime satisfying q > P. Then the multiset 

T = {r + s^fr -1 ), :l <r < R,P/2 <p< P, s {p) G S p } 

of residues modulo q, satisfies 

(72) If ■< 2A/3 Jogfa/3)_ 

(7 ' 2) l/T| - £ + _ ^ + \/log(P/2)' 

where V is the number of primes in (P/2,P\. 

Proof. Since \fr(k)\ = |/r(? — &)|, we may assume without loss of generality that 1 < k < q/2. 
We have 

f T (k)=A(k) fi (P> fc )> 

P/2<p<P 



r<_R V y / se 5 p V y / 



where 
Trivially, 

(7.3) — """V"'K^)-1| 

If k > q/3, we use the trivial bound |-B(p, fc)| < 5 and conclude 

\Mk)\ 



\A(k)\ < min i?, 



< 



< 



2/V3 



\T\ ~ R\e(k/q)-l\ ~ R\e(l/3)-l\ 



R 
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Now assume k < q/3. If p\k, then \B(p, k)\ < S. When p\ k, by (17.ip . 



|B(p,*)| 



E 



( _sk{q_\ + fcs\ 
P P?/ 



< I S„ I max 



* i — \ — i 

pqj 



seSp 

<(e+\e(k/2q)-l\)S. 



E 



p 



Since there are < lQ g°fy 2 ) P rrmes P\k with p > P/2, we have 



^ |B(p,fc)|<(e+|e(fc/2g)-l|)fiV + 

P/2<p<P 

Combining our estimates for |A(fc)| and \B(p, k)\, we arrive at 



log(g/3) 
log(P/2) 



S. 



\fr{k)\ 
\T\ 



< e 



log(g/3) + 2_ 



Vlog(P/2) P 



e(fc/2g) - 1 



e(Vg) - 1 



log(g/3) 2/V3 
- Vlog(P/2) P ' 



□ 



For a specific choice of S p , the inequality (17. 2p can be strengthened. 

Lemma 13. Let P > 4 and R be a positive integer. For every prime p G (P/2, P] denote 
by S p the set of all integers in (—p/2, p/2) . Suppose q is a prime satisfying q > P. Then the 
multiset 

T = {r + s w (p _1 ) s : 1 < r < P, P/2 < p < P, s (p) G 5 p } 
o/ residues modulo q satisfies 



(7.4) 



l ' /T| - 2V PF ^ 2 J 



where V is the number of primes in (P/2,P] and = 4 l°^p^) • 

Proof. Again, we may assume without loss of generality that 1 < k < q/2. We use notation 
from the proof of Lemma [121 If p\k, we use the trivial estimate \B(p, k)\ < \S P \ < P. Now 



there are < — — — - 



log(P/2) 

B(p,k)\ < 
< 
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primes p\k with p > P/2. When p \ k, by (17. ip . 
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(P"l)/2 

E « 

s=(l-p)/2 



h (f) - 1 




•( 


2|fc(<ir-l) p |-l N 


1-1 


2 P , 



p pq) 



< 





«({) 


-1 






+ -*■] 


- 1 





•(!) 


"I 






)p|-1 N 




V 2P , 



where it is assumed that k(q x ) p G (—p/2, p/2). For a = 1, . . . , [(P — l)/2] we denote 

j Pa = {pG(P/2,P]:|A;(g- 1 ) p | = a}. 
Taking into account that |e(w) — < l/(4u) for w e (0, 1/2] we get 

P 



(7.5) 



< 



If /c(q r x ) p = ±a then k±aq is divisible by p. But |fc±ag| < Pq/2. Therefore, the number 
of prime divisors p > P/2 of any number k ± aq is at most J"!^ + ^ anc ^ ^ or an y a we 

logg 



Pa <2 



Llog(P/2)J 



+ 2 < W. 



Let A = [V/W] + 1. We have 



E^i^E/^ + (^-E/°i)^Vt 

y + fv - v — ^— < y w^— 

^ 2a -1 \ ^ 2A + 1 ~ ^ 2a - 1 

a<A \ a<A / a<A 



< 



<W[1 + 



]2iA) < w d + Mllii' 



Combining our estimates for and \B(p,k)\ ( (17.3p and (17. 5ft ). we arrive at 



\f T (k)\ 21og(g/2) 



Vlog(P/2) P(P- 2)V/2 
2V RV 1 



PW/2 ^ + log(l + ^) 



□ 



Remark 8. Applying Lemma [T2l for all primes g in a dyadic interval, we can then feed these 



multisets T = T q back into the lemma and iterate. 



(7.6) |/ r | < 15- 
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Using explicit estimates for counts of prime numbers |39j, we have 

Proposition 4. For P > 250, there are more than 5 i g(^>/2) P r ^ mes ^ n {P/2,P]. For any 
P > 2, there are at most 0.76P/ logP primes in (P/2, P]. 

Using Proposition H] we obtain a more convenient version of Lemma [TBI 

Lemma 14. Lei P > 250. Por ever?/ prime p G (P/2, P] denote by S p the set of all 
nonzero integers in (—p/2, p/2) . Suppose q is a prime satisfying q > P and suppose R > 
1 + log(l + 0.26P/ log(2g))/2 is a positive integer. Then the multiset 

T = {r + s w (p -1 ), : 1 < r < R, P/2 < p < P, s {p) G S p } 

of residues modulo q satisfies 

.logg 
P ' 

Proof. We use the notation of Lemma [131 By Proposition H] we have 

(7.7) ^ < 5^. 

K ' 2V ~ P 

On the other hand, using Proposition H] again we get 

V_ 0.76P/logP P 2fi P 

W - 41og(g/2)/log(P/2) ~ " log(g/2) " " log(2g) " 

Hence, 

2 

Now the inequality (I7.6P follows from ( 17. 7p and ( I7.4p . □ 

Using just one iteration one can get the following effective result on thin sets with small 
Fourier coefficients, of nearly the same strength as (|1.12p . 

Corollary 5. For sufficiently large prime N and // such that iV~ 1//2 log 2 iV < // < 1 there is 
a set T of residues modulo N so that 

L\( l + log(l///) 



|/r|<A*. \T\ = , 

V/i 2 \L 2 +log(l//i) 

Proof. We choose P = (15///) logiV and 

log(l + 5///)l >i + log(l+^) 



R 



2 + 



Clearly, <C 1 + log(l///). Let T be the multiset constructed in Lemma HU We have 
|/r| — A*- By Lemma [TT] T is a set. Moreover, 



>2 l + log(l///) _ P 2 (l + log(l///)) 



' ' logP L 2 + log(l///) 
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Proof of Theorem^ We choose real parameters Po, Pi and positive integers Po, Pi so that 



b > 1 + — v „ 1 



(7.8) P > 250, Pi > 2P P 2 , AT > PiP 2 , R 
and also 

(7.9) *M + 15^ + ^ < 

For Po/2 < p < Po, let 5 P be the set of integers in (—p/2,p/2). By Lemmas fTTl H4l and ( 17.81) . 
for each prime g G (Pi/2, Pi], there is a set T = S q of residues modulo g such that 

-TO 

By an application of Lemmas fTTl andfl2lwith P — Pi, e — ex, q — N, and S = Ro J2p /2< P <p Q Pj 
together with (17.91) . there is a set T of residues modulo iV so that 

, 51ogiV 

Using Proposition HI we find that 

|T| < (0.76) 2 P Pi n p!^ pr . 

(log P ) (log Pi) 

Recalling that G N, we now take 

Po = [2 + log(l + 13/^/2] , Pi = 4//i, 
Pi = (8//i) log iV, P = (45///) log Pi 

so that (17.91) follows immediately. The condition f l 1 . 1 3 1) implies (17. 8p for large enough N. □ 
Remark 9. Theorem [2] supersedes Corollary [5] for /i ^> L x 1 ^ 2 L^ 2 . 

8. An explicit construction for Turan's problem 

Proof of Theorem [3 We follow the proof of Theorem [2] and Lemma O We choose real 
parameters Pq, Pi and a positive integer P , so that 



(8.1) P > 250, Pi > 2P 2 , P > 1 + 
and also 

(8.2) 15— + < 



log (l + 

1 + ^-r 



0.26P \ 
log Pi J 
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For Po/2 < p < Pq, let S p be the set of integers in (—p/2,p/2). By Lemma [TJ] and ( 18. ip . for 
each prime q e (Pi/2, Pi], there is a multiset T = S q of residues modulo g such that 

(8.3) IAJ < 15^ := £ , 

We have \S q \ = S for all g, where S = Ro J2p /2< P <p Q P- Now define a multiset {z±, . . . , 2 n } 
as a union of multisets {e(s/q) : s & S q ,q & (Pi/2, Pi}}- We have, for 1 < k < N, 

±z)= J2 B{ q ,k), B(q,k) = J2e( k A. 

3=1 P 1 /2<q<P 1 seS q ^ ^ ' 

If q\k, then P(g, fc) = S. When g f k, by (El, |P(g, fc)| < eiS. Therefore, 

(8.4) ^2\B{q,k)\<e in . 

q\k 

The sum over q\k is estimated at the same way as in Lemma 
(8-5) 

Combining (18. 4p . (18.5p and using Proposition H] we arrive at 



1 

n 



i=i 



5 log AT 

< ej + 



2Pi 

as required. Moreover, by Proposition H] we have 



n < (0.76) 2 P C 



(log P ) (log Pi 



Now we take Rq,Pq, Pi the same as in the proof of Theorem [2] so that (18. 2p follows immedi- 
ately. The condition ( I1.14p implies (18. ip for large enough N. □ 

Remark 10. As in [I], one can construct thin sets T modulo A" with \T\ = o{LiL 2 ) and 
\fx\ small, by iterating Lemma [121 Roughly speaking, applying Lemma [141 followed by r 
iterations of Lemma [121 produces sets T, with small \fr\, as small as \T\ = 0(LxL r +i), where 
Lj is the j-th iterate of the logarithm of N. We omit the details. 
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